The effect of smooth shape changes of metallic nanoparticles on localized surface plasmon resonances is assessed with a boundary integral equation method. The boundary integral equation method allows compact expressions of nanoparticle polarizability which is expressed as an eigenmode sum of terms that depends on the eigenvalues and eigenfunctions of the integral operator associated to the boundary integral equation method. Shape variations change not only the eigenvalues but also their coupling weights to the electromagnetic field. Thus rather small changes in the shape may induce large variations of the coupling weights. It has been found that shape changes that bring volume variations greater than 12% induce structural changes in the extinction spectrum of metallic nanoparticles. Also the largest variations in eigenvalues and their coupling weights are encountered by shape changes along the smallest cross-sections of nanoparticles. These results are useful as guiding rules in the process of designing plasmonic nanostrucrures.
I. INTRODUCTION
Localized surface plasmon resonances (LSPRs) have their origin in the interaction of metallic nanoparticles (NPs) with light. The advancements made in the last decade have enabled the use of LSPRs for light manipulation at the nanoscale 1 8, 9 , triangular prisms 10 , tetrahedra 8 , and hexagonal prisms 9 . In contrast, in "top-down" or lithographic techniques the shape of the metallic NPs are "flatter" such that structures like disks 11 , dimers of disks 12 or bowtie structures 13 have been successfully fabricated.
Optical properties associated with LSPRs are determined by the shape, size, structure, and local dielectric environment of the NPs 14, 15 . Along with the electric field enhancement created around NPs, the effect of the dielectric surrounding the metallic NPs is widely used in sensing by monitoring the shift of LSPR absorption peaks with respect to the local dielectric changes. The absorption peak redshifts as the embedding refractive index is increased 16, 17 . On the other hand, in the quasistatic approximation, when the particle size is much smaller than the wavelength, the size of particle doesn't play any role 15 . Thus, in the quasistatic approximation, a metallic nanosphere exhibits just a single LSPR which is dipolar, irrespective of the size. However, as the radius is increased and the quasistatic approximation is no longer valid, the LSPR of the nanosphere shifts toward infrared and higher multipolar resonances emerge in the spectrum 14, 15 . Moreover, by elongating or flattening the spherical NPs, one obtains spheroids which have two LSPRs corresponding to longitudinal and transverse polarization of light. For spheroids the plasmon resonance response depends solely on the aspect ratio, which is the ratio between the lengths of rotation axis and thickness of the particle 14, 15 . The prolate spheroids have the aspect ratio greater than 1, such that the longitudinal mode shifts to longer wavelength, whereas the transverse mode shifts to shorter wavelength. On the contrary, in oblate spheroids the longitudinal mode shifts to shorter wavelength, whereas the transverse mode shifts to longer wavelength.
Thus by simply adjusting the aspect ratio, the LSPRs can be tuned at will over a broad range of wavelengths. Generally, retardation moves the electrostatic resonances toward infrared 14, 15 . At the same time, some eigenmodes that are dark in the quasi-static limit become visible when the retardation is considered. In the present study it is shown that redshifting and the emergence of other higher order LSPRs may be obtained also by small shape changes.
The paper has the following structure. The next section presents the BIE method and its accuracy. Then, the LSPR modifications due to smooth changes from various spheroidal shapes are analyzed in the section that follows the next section. The last section is dedicated to conclusions.
II. THE METHOD AND ITS ACCURACY
In the electrostatic (quasistatic) approximation the optical behavior of the metallic NPs is described by the Laplace equation, whose solution may be obtained by the BIE method 16, 22, 32 . The metallic NP delimited by surface Σ is assumed to have a complex permittivity ǫ i and is immersed in a medium of complex permittivity ǫ o . The incident electromagnetic field is represented as a uniform electric field E 0 . The electric potential Φ associated with the total field E obeys the Laplace equation ∆Φ (x) = 0; x ∈ ℜ 3 \Σ with boundary conditions ǫ 0
, n is the normal to the surface Σ, and ℜ 3 is the 3D Euclidian space. The electric potential can be expressed in terms of the single-layer potential the surface charge µ E 0 as
The charge density µ E 0 obeys the following integral equation
where n · E 0 is the dot product of vectors in 3D,M is defined on surface Σ aŝ
is a dielectric factor that depends on ǫ o and ǫ 1 . The operatorM
where |u k , |v k are the eigenfunctions ofM andM † , respectively, χ k is the k th eigenvalue of M and M † , and v k | n · E 0 is the scalar product of two square-integrable functions defined on Σ. The specific polarizabiliy of the NP that is the dipole moment generated by µ E 0 divided by the NP volume V has the form of a sum over all eigenvalues ofM andM
In Eq.
is the coupling weight of the k th eigenmode to the electromagnetic field and N is the unit vector of the applied field given by E 0 = E 0 N. The coupling weight p k is defined in terms of the eigenvectors of the operatorM and its adjoint M † and it depends only on the shape of the NP, while the specific polarizability α depends also on the dielectric permittivities 32 . The eigenmodes with a non-zero p k couple with the light and they are called bright modes. On the other hand, many other eigenmodes do not couple with light and have vanishing p k 's, thus they are called dark modes. Equation (6) shows an eigenmode decomposition and allows an analytic expression for specific polarizability α when the dielectric permittivity of the metallic NP is described by a functional form like
Here ε m is the interband contribution to the permittivity including ε ∞ , ω p is the plasma frequency, γ is the dumping constant, and
Thus for an embedding medium with a real and constant dielectric permittivity ε d , the specific polarizability α in the Drude-like approximation takes the following form (Sandu et al. 2011 )
is the square of the localized plasmon resonance frequency in the limit of negligible γ and
the depolarization factor (DF) of the eigenmode 16, 32 . The specific polarizability α plays its role into the LSPR spectrum by its imaginary part that is proportional to the extinction spectrum of the incident light 15 .
To evaluate the polarizability α one needs to calculate the eigenvalues and the eigenfunctions ofM andM † using a basis set of functions that are defined on surface Σ. If the surface Σ can be parameterized by {x = g(z) cos ϕ, y = g(z) sin ϕ, z}, where g(z) is a smooth but otherwise arbitrary function, the variables that determine the surface are the coordinate z and the angle ϕ, respectively. This parameterization allows the surface Σ to be smoothly mapped onto unit sphere. Here g (z) is sufficiently smooth defined on z ∈ [z min , z max ], such that g (z max ) = g (z min ) = 0, and
such that the one-to-one mapping onto a sphere becomes now apparent. Thus. through the above mapping, the basis of spherical harmonics Y lm (θ, ϕ) defined on the unit sphere generates the basis of functions on Σ. All the other details about numerical procedure can be found in 32. (the red full curve) of the DF of spheroids with various aspect ratios.
The numerical accuracy of the method will be verified below for spheroids of various aspect ratio values. For ellipsoids and, in particular, for spheroids, there are three equally weighted bright modes determined by the electric field polarizations that are parallel to each axis.
These bright modes are, in fact, the dipole eigenmodes, of which two of them are degenerate for spheroids. In addition to that the DFs of spheroids can be expressed analytically as functions of the aspect ratio defined by the term a z /a x (spheroids being considered to be the ellipsoids of semiaxes a x , a y , a z , such that a x = a y ) 15 . Thus, for spheroids, the following relations must be fulfilled: p x = p y = p z = 1, χ x = χ y , and theχ x + χ y + χ z = 1/2 (Bohren and Huffman 1998; Sandu et al. 2010 ). In Fig. 1 [33] [34] [35] . In fact, axial symmetry allowed us to obtain stable bright eigenmodes whose eigenvalues are close to 1/2, which is the largest eigenvalue of the system and is also dark 16, 32 .
III. THE EFFECT OF SHAPE VARIATION
A. The shape
Since the spheroids have an analytical form for their DFs, the variation of the LSPR response with respect to the aspect ratio change can be easily assessed. In the present work smooth shape changes that keep the same aspect ratio will be considered. Thus the NP shapes that will be taken into account below have the form
The parameters a and b, and the smooth function C (z, b) establish the shape of an individual particle. Without C (z, b), Eq. (9) describes a spheroid with an aspect ratio
given by a and z max = −z min = a. Since the results of the quasistatic approximation are scale-invariant, just one parameter suffices to define a spheroid, which is usually described by two parameters (i. e., its distinct semiaxes). The function C (z, b) quantifies the smooth deviation from the spheroidal shape and is chosen to be peaked in the vicinity of b = 0, such that the spheroid is determined by b = 0. Thus the following form of C (z, b) is adopted
Equations (9) and (10) cover a large class of shapes including shapes similar to nanodisks and nanorods. For example, a nanorod with an aspect ratio of 4 can be generated by taking b=0.04 and a=4 and a nanodisk with an aspect ratio of 1/2 can be made by having b=2 and a=0.5. Moreover, instead of parameter b, one can choose a more intuitive parameter, the relative volume variation from a spheroid, as a shape parameter. Thus relative volume variations ∆V /V are negative/positive for negative/positive b.
In the calculations of the NP polarizability only the bright modes contribute to LSPR spectrum. Smooth deformations from spheroidal shape given by Eq. (9) will determine also higher order eigenmodes to become bright. For some of these bright modes, however, their weights may not be large enough to be distinguishable from the background or from other modes due to plasmon ovelapping. If γis much less than the distance between two consecutive plasmon frequenciesω pk , then the overlapping is not encountered and the following criterion
may be used to determine if a bright mode shows up into the LSPR spectrum. Eq. (11) can be used as a guiding criterion for the relevance of an eigenmode to the LSPR spectrum. It says that the height of the LSPR should be larger than a baseline of magnitude one. Thus for a ratioω pk /γ ≈ 10, which is perfectly normal, ε d / ≈ 1 (also within a typical range), and 1/(1/2 − χ k ) > 1, the weights fulfilling the condition p k > 0.1 would allow (11) to be true and the bright eigenmodes to be observed in the spectrum.
B. Changes due to the variations from spherical shape
Throughout this work I consider small shape variations of gold NPs immersed in water (n water =1.33). The Drude parameters of gold are those that are usually used in the literature.
Thus, in energy, the plasma frequency ω p is about 9 eV and γ is about 0.1 eV 16 . Also the interband ε m is adjusted to have the LSPR for a nanosphere at 530 nm, i.e., ε m = 10.2. For parallel polarization, the first relevant eigenmode represents the dipole response and has a monotonic ( i. e. increasing) behavior of its DF with respect to volume variation.
Therefore, according to Eq. 7 a smaller DF means a redshifted LSPR as it is observed from Fig 2a and 3a at negative volume variations. The NP is invariant with respect to coordinate change z ↔ −z, thus the quadrupole eigenmode is not allowed to be bright, therefore the second most relevant eigenmode is the octopolar eigenmode. In contrast to the dipolar one, the octopolar eigenmode exhibits a non-monotonic variation of the DF with a minimum reached when the particle is spherical (∆V /V = 0%). No major variation of its weight (i.
e. no more than 10%), however, occurs with no noticeable change in the LSPR spectrum. There is a different picture for transverse polarization ( Fig. 2b and Fig 3b) . The DF of the dipole eigenvalue is non-monotonic with a maximum around ∆V /V = −10 % and its weight varies by -20% for a volume variation of -13.6%. Moreover, for positive ∆V /V , the LSPR of the dipole eigenmode redshifts as a result of the DF drop. The large reduction of the dipolar weight is reflected in large increase of the octopolar weight, which can be also the extremities for a football-like shape (Fig. 6a) . These two parallel dipoles are much smaller than the spheroidal dipole because the extremities are much tighter than the middle of the NP. It is worth noticing that the dipolar character of the eigenmode is provided by the factor sin ϕ of the eigenfunction. At the same time, the octopole eigenmode has the dipole configuration ↓↑↓ but the total dipole moment vanishes for the spheroidal shape and it is different from 0 for the football shape. Also the dipolar contribution of the octopole eigenmode exceeds the contribution of the dipole eigenmode because the football-like NP is much thicker in the middle than toward the extremities.
D. Changes due to the variation from oblate shape
The variations of the DFs and of their weights for the most relevant eigenvalues with respect to shape variation of an oblate spheroid and field polarization are presented in Fig.   7 . The aspect ratio is taken to be 1/2. The axial polarization exhibits three relevant eigen- modes, while the transverse polarization has just two relevant eigenmodes. The variation of the relative volume ∆V /V spans between -14% and 14%. Fig. 8 shows the variation of LSPR spectra with respect to both shape variation and field polarization.
The electric field parallel with the rotation axis is considered first. In this case the LSPRs are found at shorter wavelenghts in Fig. 8 . The first relevant eigenmode represents also the dipole response and its corresponding DF has a non-monotonic behavior by having the minimum at ∆V /V = 4%. Thus there is a blueshift of the corresponding LSPR for negative ∆V /V (see Fig. 8 the structural changes of the spectrum with respect to shape variation. Such shape variations are inherent to NP fabrication process. Shape variations induce changes in both the eigenvalues and their coupling weights to the electromagnetic field. However, the coupling weights appear to be more affected by shape changes, such that they manifest as structural modifications of the LSPR spectrum. Full numerical calculations show that structural modifications of the optical response occur for shape changes corresponding to volume variations greater than 12%. This quantitative result can be directly related to the criterion provided by Eq. (11), where a variation of p k > 0.1 would generate structural changes in LSPR spectrum. A 0.1 variation of p k means a 10% volume variation via the definition of p k , which is inverse proportional to volume V . Therefore the NP volume variation contributes significantly to the structural changes of the LSPR spectrum which is agreement to other results regarding the averaging effect of the roughness on the LSPRs of metallic NPs 25 . The largest optical changes are encountered for light polarization that is parallel to the smallest cross-sections of NPs. This aspect is important because more care must be considered for the design and the fabrication of the smallest features of the NP systems.
